We study a Kerr-like black hole and naked singularity in perfect fluid dark matter (PFDM). The critical value of spin parameter a c is presented to differentiate the black hole from naked singularity. It is seen that for any fixed value of dark matter parameter α the rotating object is black hole if a ≤ a c and naked singularity if a > a c . Also for −2 ≤ α < 2/3 the size of the black hole horizons decrease whereas for 2/3 < α it increases. We also study spin precession frequency of a test gyroscope attached to stationary observer to differentiate a black hole from naked singularity in PFDM. For the black hole, spin precession frequency blows up as the observer reaches the central object while for naked singularity it remains finite except at the ring singularity. Moreover, we study Lense-Thirring precession for a Kerr-like black hole and geodetic precession for Schwarzschild black hole in PFDM. To this end, we have calculated the Kepler frequency (KF), the vertical epicyclic frequency (VEF), and the nodal plane precession frequency (NPPF). Our results show that, the PFDM parameter α significantly affects those frequencies. This difference can be used by astrophysical observations in the near future to shed some light on the nature of dark matter.
area of the black hole shadow approximately equals to the high energy absorption cross section. According to the general theory of relativity, there is a rotational dragging of inertial frames near the presence of a rotating black hole spacetimes known as a Lense-Thirring precession (LT) [9] [10] [11] . Basically, we can explore the dragging effects with the help of a gyroscope (or a test gyro) using the fact that a gyroscope tends to keep its spin axis rigidly pointed in a fixed direction in space, say fixed relative to a given star. In a rotating spacetime, due to the frame dragging effects, it is shown that the precession of the gyroscope frequency is proportional to the spin parameter of the rotating object and inversely proportional to cube of the distance from the central object. In addition to that, there is a second effect related to the gyroscopic precession due to the spacetime curvature which is known as a geodetic precession [12] . LT precession of a test gyroscope has been extensively studied in recent years, along this line of thought, in [13] authors study the LT precession frequency in a rotating traversable Teo wormhole, in [14] the frame-dragging effect in a strong gravity regime is considered, and references therein. It is worth noting that, great effort has been made to actually test the frame dragging effect and geodetic effect in the Earth's gravitational field by the Gravity Probe B experiment [15] .
The concept of the spacetime singularity is well known in general relativity mainly due to the famous PenroseHawking singularity theorem. A naked singularity on the other hand is defined as a gravitational singularity without an event horizon. According to the cosmic censorship conjecture, spacetime singularities that arise in gravitational collapse are always hidden inside of black holes and therefore can not be observed in nature [16, 17] . Whether naked singularities exist or not is an open question, however, one can naturally raise the following intriguing question concerning the nature of the final product of gravitational collapse: How can we distinguish a naked singularity from a black hole? In this context, the problem of naked singularities has attracted a great interest in recent years [18] [19] [20] .
From the no-hair theorem we know that a Kerr solution is completely characterized by the black hole mass M and the black hole angular momentum J. If the following condition M ≥ a holds, where the angular momentum parameter a is defined by the angular momentum per unit mass, then the Kerr solution represents a black hole. On the other hand, if M < a, then a naked singularity is recovered. In a very interesting work, Chakraborty et al [21, 22] argued that one can basically use the spin precession frequency of a test gyroscope attached to both static and stationary observers, to distinguish black holes from naked singularities. Afterwards, a new spin forward to this idea was put by Rizwan et al [23] who studied the problem of distinguishing a rotating Kiselev black hole from a naked singularity using spin precession of test gyroscope. In some recent papers [24] , authors study the idea of distinguishing black holes and naked singularities with iron line spectroscopy, rotating naked singularities are studied in the context of gravitational lensing [25] , while in [26] , authors study the problem of distinguishing rotating naked singularities from Kerr-like wormholes by their deflection angles of massive particles.
It is known that the process of matter accretion towards rotating neutron stars and black holes is followed by the emission of electromagnetic waves, mainly X and gamma-rays [27] . The quasi-periodic oscillations phenomena (QPOs) is linked with high frequency X-ray binaries [28, 29] . In particular, there are known the high-frequency (HF) quasi-periodic oscillations (QPOs) and three types of low-frequency (LF) QPOs. It is quite amazing that the LT effect can be linked with this phenomena and perhaps to explain the QPOs of accretion disks around rotating black holes, provided the disk is slightly misaligned with the equatorial plane of the BH [30] .
In the present paper, firstly we shall examine the critical value of spin parameter a c to differentiate the Kerrlike black hole from a naked singularity with PFDM. Then, we shall calculate the spin precession frequency of a test gyroscope attached to stationary observer to differentiate a Kerr-like black hole from a naked singularity with PFDM.
The outline of this paper is as follows. In Section II we determine the critical value of spin parameter to differentiate a Kerr-like black hole from from naked singularities in PFDM. In Section III, we calculate the spin precession frequency of a test gyroscope in Kerr-like black hole with PFDM, in particular we examine in detail the LT-precession of a gyroscope in Kerr-like black hole with PFDM. In Section IV, we specialize our results to elaborate the geodetic precession in Schwarzschild black hole spacetime in PFDM. In Section V, we shall focus on the problem of distinguishing black holes from naked singularities. In Section VI, we study the effect of PFDM on the KF, the VEF, and the NPPF. Section VII is devoted for some concluding remarks.
II. KERR-LIKE BLACK HOLE IN PERFECT FLUID DARK MATTER
The line element of the Kerr-like black hole in PFDM is given as [6] 
where
Here M and a are mass and angular momentum per unit mass, parameters of the black hole. Using Komar integral, total mass of black hole M T interior to the surface r = r 0 , and the corresponding angular momentum J T around the axis of rotation of a stationary spacetime is obtained as
In the absence of PFDM (α = 0), the line element (1) represents a Kerr black hole. The PDFM stress-energy tensor in the standard orthogonal basis of the Kerr-like black hole can be written in diagonal form diag[−ρ, p r , p θ , p φ ] [6] , where
The location of the black hole horizons can be obtained by solving the horizon equation
Note that depending on the choice of parameters a and α, (6) has no solution, one solution or two solutions. In each case the line element (1) represents naked singularity, extremal black hole or black hole with inner (r − ) and outer horizon (r + ), respectively. To find out the critical value (the maximum value of the parameter for which (1) can represent a black hole) of the spin parameter a c in this section we express the black hole parameters and the radial distance in the unit of black hole mass, that is, a/M → a, α/M → α and r/M → r. Assuming the spin parameter a as a function of r and α we can write
Now to find the extreme value of the spin parameter a we use the condition of extrema of a 2 , that is, da 2 /dr = 0, which yields
and for any fixed α,
Note that,
For any α > 0, d f dr < 0 for all r.
The above conditions show that the function f (r, α) behaves differently for negative and positive values of α. So we will discuss these two cases separately. 
A. Negative α
For any fixed chosen α < 0, the function f (r, α) has maxima at r = −α/2. The function increases in the interval 0 < r < −α/2 while decreases for −α/2 < r. Thus, depending on the value of α, f (r, α) have no zero or have two zeros say r 1 and r 2 such that r 1 ≤ − α 2 ≤ r 2 . If α min is the minimum value for which f (r , α) has a zero, than r 1 = r 2 for α = α min .
That is, r 1 is a zero of f (r, α) of multiplicity 2. Solving (8) for negative α, we find that one zero of f (r, α) is
where ProductLog(x) is a Lambert W-function. Now, if r 1 is zero of f (r, α) of multiplicity 2, then it must also be zero of d f /dr, which gives
Note that for any value of α in the range α min ≤ α < 0 the corresponding extremal value of a are a 2 = r 1 (r 1 + α) and a 2 = r 2 (r 2 + α).
As r 1 ≤ −α/2, so in this case a 2 is negative which implies r 1 cannot be horizon of the extremal black hole and thus r 2 can be the horizon of the extremal black hole. Further, for α = −2, r 2 = 2 and a = 0. If α is in the range −α min ≤ α < 2, the cosponsoring solution r 2 gives a 2 negative. Thus, for negative α the line element (1) represents a black hole only if −2 ≤ α < 0. Solving (8) numerically for −2 ≤ α < 0 gives horizon of the extremal black hole r 2 and henceforth will be represented by r e . Using r e in (8), we get the critical value of spin parameter as follows a c = r e (r e + α).
The graph of r e and a c for −2 ≤ α < 0 is plotted in FIG:1 (a) which shows that r e decreases with increasing α, while a c has its maximum value a c ≈ 1.2577 at α ≈ −0.58197. If α is in the range, −2 ≤ α < α the critical value of spin parameter a c increases and if α < α < 0, then a c decreases. Further, as r − ≤ r e ≤ r + so we can say that for −2 ≤ α < 0, with increasing α the size of inner horizon r − decreases. 
B. Case II: Positive α
To discuss the critical value a c for any positive α, we first find zeros of the function f (r, α). As for any chosen positive α the function f (r, α) is decreasing function of r so it has at most one zero. Further
and
By Intermediate value theorem we can conclude that for any α > 0, f (r, α) has one zero (say r e ) such that r 1 < r e < r 2 . Solving (8) for r yields
and the corresponding extreme value of spin parameter a c is obtained as
or
The horizon of the extremal black hole r e and critical value of spin parameter a c verses α is plotted in FIG:1 (b) which shows that size of the extremal black hole has minimum value for α = 2/3. It decreases for 0 < α < 2/3 and increase for 2/3 < α. Forα = 1/(1 + e), a c has minimum valueã c ≈ 0.855. Further, for 0 < α <α, a c decreases while 1/(1 + e) < α it increases.
We have plotted y = r 2 − 2r + In each case values of r for which these curves intersect are horizons of the black hole. It is seen that for any value of −2 ≤ α, if a < a c the curves intersect for two values of r that are locations of inner horizon (r − ) and event horizon (r + ). If a = a c the horizons merge into a single horizon r e the horizon of extremal black hole and if a > a c the curve does not intersect each other that is no solution of horizon equation. Thus, we conclude that for any fixed −2 ≤ α the line element (1) represents a black hole with two horizons r − and r + only if a < a c . For a = a c , the two horizons r + and r − merge into a single horizon r e and (1) is a extremal black hole. However, for any a > a c , the line element is a naked singularity.
III. SPIN PRECESSION FREQUENCY
In this section, we will discuss the spin precession frequency of a test gyroscope attached to a stationary observer with respect to some fixed star due to the frame dragging effects of the Kerr-like black hole in the PFDM. The precession frequency (Ω p ) of a test gyroscope attached to a stationary observer having 4− velocity u = (−K 2 ) −1/2 K in a stationary spacetime with timelike Killing vector field K = ∂ 0 + Ω∂ t is defined by [21] 
+ Ω 2 g cc g 00
where ε ckl is the Levi-Civita symbols and g is the determinant of the metric g µν . Using the metric coefficients from (1) in (22) yields
where 
andr,θ are the unit vectors in r and θ directions, respectively. In the limiting case α = 0, the spin precession of a Kerr black hole is successfully obtained [21] . Note that the above expression of the precession frequency (22) is valid only for a timelike observer at fixed r and θ which gives the restriction on the angular velocity Ω of the observer
with
At the black hole horizons, Ω + and Ω − coincide and no timelike observer can exist there and hence the expression for precision frequency Ω p is not valid at the horizons but still we can study the behavior of precession frequency near the black hole horizon.
A. Lense-Thirring precession frequency
The expression of the precession frequency (23) is valid for all the stationary observers inside and outside the ergosphere if their angular velocity Ω is in the restricted range given by (26) . The precession frequency contains the effects because of the spacetime rotation (LT precession) as well as due to spacetime curvature (geodetic precession). If we set Ω = 0 in (23), the expression for LT precession frequency for Kerr-Like black hole in PFDM is obtained as 
The magnitude of the LT precession frequency is given by
The magnitude of LT precession frequency Ω LT is plotted against r in the FIG: (3) , which indicates that the LT precession frequency increases with increasing the rotation a of the black hole as well as the dark energy parameter α. Further, for α > 0 the LT precession frequency is minimum near polar axis (θ = 0) and increases towards the equatorial plane (θ = π/2) whereas for α < 0 it is minimum in equatorial plane and increases towards the polar axis. The vector field of the LT-precession frequency for the black hole and naked singularity in FIG:(4) which shows that LT precession frequency for the black hole remains finite outside the ergoregion and will diverge at ergoregion while for naked singularity it remains finite up to the ring singularity. 
IV. GEODETIC PRECESSION
For a = 0, the line element (1) reduces to the Schwarzschild black hole in PFDM [4] . The Schwarzschild black hole in PFDM is non rotating and have zero precession due to the frame dragging effects. However, due to spacetime curvature the precession frequency Ω p of a test gyroscope is nonzero which is because of curvature of spacetime and called geodetic precession frequency. The geodetic precession effects can be obtained as
Due to spherically symmetric geometry of the static black hole in the PFDM the geodetic precession frequency is same over any spherical symmetric surface around the black hole. Thus, without loss of generality we can set θ = π/2 and study the geodetic frequency in equatorial plane. In this plane for any observer in circular orbit the magnitude of precession frequency is equal to the Kepler frequency given by
The above expression for precession frequency is valid for Copernican frame a frame that does not rotate relative to the inertial frame at asymptotic infinity i.e. the fixed stars, computed with respect to proper time τ which is related with the coordinate time t via
Using this transformation the geodetic precession frequency associated with the change in the angle of the spin vector after one complete revolution of the observer around a black hole in the coordinate basis is given by
In this absence of PFDM around the black hole that is for α = 0, the geodetic precession frequency for a Schwarzschild black hole successfully recovered [32, 33] . The geodetic precession frequency is plotted against r for negative and positive α in panel (a) and (b) of FIG: (3) , which shows that with increasing PFDM parameter α the magnitude of the geodetic precession frequency increases. Further, for any fixed α the geodetic precession frequency decreases with increasing the radius of the circular orbit. 
V. DISTINGUISHING BLACK HOLE FROM NAKED SINGULARITY
In this section, using the precession frequency of a gyroscope, we will differentiate a Kerr-like black hole in PFDM from naked singularity and verify our results as obtained in section II. For this we first express the angular velocity of the timelike observer in term of a parameter k such that
where 0 < k < 1 and Ω ± given by (27) . Thus for any timelike observer the angular velocity defined as
Note that an observer with angular velocity parameter k = 1/2 is known as zero-angular-momentum observer (ZAMO) and has an angular velocity
The gyroscope attached to ZAMO observer is locally nonrotating and useful to study physical procession near astrophysical objects [34] . Further, the behavior of the precession frequency attached to ZAMO observer is different from the all other observers this situation is explain in FIG: (6) . Now the magnitude of the precession frequency Ω p in term of parameter k is written as
where F and G are given by (24) and (25) . From the denominator of the above equation one can see that it vanishes at the horizons of the black hole and ring singularity. Thus we study the behavior of Ω p for different values of spacetime parameters a and α and observer's angular velocity parameter k in detail. In FIG: (6) , we have plotted Ω p for black hole with a = 0.5 and α = 1 in left column and for naked singular with a = 1.5 and α = 1 in right column for different observers of angular velocity parameter k = 0.1, 0.5, 0.9 in first, second and third row, respectively. It is seen that for a black hole the precession frequency Ω p of a gyroscope attached to any observer except ZAMO, diverges when ever it approach the horizons along any direction. However, its remain finite for ZAMO observer at horizon. On the other hand, for a naked singularity the precession frequency remain finite even as the observer approach r = 0 along any direction except θ = π/2. Further, if the observer approach . 6 We have plotted the magnitude of spin precession frequency Ω p (in M −1 ) verse r (in M) is plotted for black hole in left column and for naked singularity in right column. For black hole we take a = 0.5, α = 1 and for naked singularity we take a = 1.5 and k = 0.1, 0.5, 0.9 in first, second and third row, respectively. For black hole the precession frequency Ω p diverges for k = 0.1, 0.9 and remain finite for k = 0.5 as the observer approaches the event horizon along any direction, whereas for naked singularity case it with remain finite along all direction except at ring singularity (r = 0, θ = π/2). r = 0 along θ = π/2 the precession frequency Ω p becomes very large because of the ring singularity. In FIG: (7) , we further illustrate that for all other choices of the parameters, the behavior of the precession frequency Ω p remain the same as in case of the black hole with a = 0.5 and α = 1 and a = 1.5 and α = 1 in naked singularity. That is, for black hole with any a and α the precession frequency Ω p of gyroscope of all the observer except ZAMO, diverges near the horizons while for naked singularity it remain finite up to r = 0 along any direction except θ = π/2.
Finally, using the spin precession frequency of a test gyroscope attached to stationary observer, we can differentiate a black hole from naked singularity. The four velocity of an observer in the spacetime of the line element (1) is timelike if azimuthal components of the velocity (equal to angular velocity) Ω at fixed (r, θ) remain in between Ω − and Ω + . Further, the angular velocity can be parameterized q such that 0 < q < 1. Consider there are two observer with different angular velocity Ω 1 and Ω 2 approaching the astrophysical object in the PFDM of line element (1) along the different directions θ 1 and θ 2 . If (a) the precession frequency Ω p of a test gyroscope of at least one observer becomes arbitrary large as the observer approach the central object along any direction then the object is a black hole and (b) if the precession frequency of any of the observer along at most one of the two directions becomes arbitrarily larges as it approach the central object, then the object is a naked singularity.
VI. OBSERVATIONAL ASPECTS
Experimental observations obtained with the Rossi X-ray Timing Explorer (RXTE) reveals the phenomena of quasiperiodic oscillations (QPOs) by analyzing the power spectrum of the time series of the X-rays [28] [29] [30] [31] . There are various sources of cosmic X-rays and one of them is accreting stellar mass near compact objects like black holes and neutron stars. A careful monitoring identifies two types of QPOs, namely the high-frequency quasi-periodic oscillations (HF QPOs), and the low-frequency (LF QPOs). Although the theoretical explanation behind this effect is not yet well understood, QPOs are often linked with the relativistic precession of the accretion disk near black holes or neutron stars. QPOs may be potentially a useful tool in astrophysics for investigating new features related to the accretion process near black holes. For example, within a certain model of X-ray timing measurements of QPOs can be used to estimate the spin angular momentum and the mass of the black hole which is of significant importance in astrophysics [36] . Experimental data shows that, the observed HF QPOs belong to the interval 50 − 450 Hz. Furthermore, there are three classes of LF QPOs known as: type-A, type-B, and type-C, LF QPOs, respectively. The typical frequencies belong to the interval: 6.5 − 8Hz, 0.8 − 6.4 Hz, and 0.01 − 30 Hz, respectively.
There are three characteristic frequencies attributed to a test particle orbiting the black hole, namely the KF Ω φ , the VEF Ω θ , and the radial epicyclic frequency (REF) Ω r , respectively. By taking into account the effect of PFDM we have calculated the following expressions for the characteristic frequencies [35] :
One can easily show that in the limiting case when α vanishes, the characteristic frequencies in the Kerr geometry are obtained [21, 37, 38] . With these results in mind, we can extract further informations by defining the following two quantities
Where Ω nod measures the orbital plane precession and is usually known as the NPPF (or Lense-Thirring precession frequency), on the other hand Ω per measures the precession of the orbit and is known as the periastron precession frequency. From FIG. (9) - (11) we can see that in the black hole case, the NPPF Ω nod always decreases with r, therefore we can write the following condition
On the other hand, an interesting feature arises in the case of naked singularities, namely Ω nod initially increases, then a particular peak value is recovered, and finally Ω nod decreases with the increase of r. Therefore, in the case of naked singularities we can have the following condition when Ω nod increases with with r, written as follows . 11 The Ω nod as a function of r is plotted in the case of naked singularities with α = −0.5 and α = 0.5. From the plots we can see that Ω nod increases initially, then a particular peak value is obtained, and finally decreases with the increase of r. The negative values of Ω nod , shows that the precession direction has changed.
Finally we point out that negative values of Ω nod , can be interpreted as a reversion of the precession direction. We can see that Ω r vanishes at some particular value of r depending on the particular value of PFDM parameter. Note that, Ω r reaches a particular peak value, then decreases with the increase of r.
We provide a detailed analyses of our results in Table I , where we highlight the observational aspects by calculating the impact of the PFDM parameter on different frequencies: KF ν α θ , VEF ν α θ , and the NPPF ν α nod . Our results reveal that, typical values of the PFDM parameter α significantly affects these frequencies. In particular we find that, with the increase of positive α, all frequencies become smaller and smaller. On the other hand, with the decrease of negative α, all frequencies become bigger and bigger. Our results further indicate that, the effects of PFDM are getting stronger with the increase of spin angular momentum parameter a. From the Table I , we see that one can identify LF QPOs with ν α nod , for a slowly rotating black holes, i.e a/M < 0.5. A significant difference between ν α nod and ν 0 nod , occurs when a/M > 0.5. Clearly, in this range, we can identify ν α nod with HF QPOs. In the near future we plan to investigate the relativistic precession model to get constraints on α using the data of GRO J1655-40 and by following the analysis presented by Bambi [38] .
VII. CONCLUSION
In this paper, we have studied rotating object in PFDM (1) to differentiate a Kerr-like black hole from naked singularity. For a black hole we find the lower bound of the dark matter parameter α, −2 ≤ α and gives the critical value of spin parameter a c . For any fixed chosen α the line element (1) represents a black hole with two horizons if a < a c , extremal black hole with one horizon if a = a c and naked singularity if a > a c . It is seen that for α < 0, a c has maxima at α = α and for α > 0 it has minima at α =α. Further, for large value of α, a c increases very large without any limit and thus a highly spinning black hole can form. We also study the horizon of extremal black hole and find that for α < 0 the size of extremal horizon r e decrease whereas for α > 0, r e has minima at α = 2/3. Further, as r − ≤ r e ≤ r + , so we can conclude that for any fixed a and −2 ≤ α < 2/3, with increasing α, size of the black hole
of Schwarzschild black hole in PFDM. It is seen that for α < 0 the geodetic precession frequency is increases while for α > 0 is increases.
Using spin precession frequency criteria we differentiate a black hole from a naked singularity. We parameterize the angular velocity of the observer and studied the spin precession frequency for different choices of the parameter along the different directions. If the precession frequency of a gyroscope attached to at least one of two observers with different angular velocities blow up if they approach the central object in PFDM along any direction then the object is a black hole. If the precession frequency of all the observer show divergence as the observers approach the center of spacetime along at most one direction then it is naked singularity.
We have summarized our results by computing the effect of PFDM on the KF, VEF, and NPPF given in Table I . We observe that frequencies depend upon the value of a/M, radial distance r, as well as the PFDM parameter α, yielding notable differences in the corresponding frequencies of black holes and naked singularities. We have shown that, with the increase of positive PFDM parameter, all frequencies become smaller. Consequently, with the decrease of negative PFDM parameter, all frequencies become bigger. Following our results we can conclude that LF QPOs can be identified for a/M < 0.5. However, most significant changes are observed in the interval a/M > 0.5, whose frequencies can be identified with HF QPOs.
Given the fact that the accretion disk changes with time, say, when the accretion disk approaches the black hole/naked singularity, we need to study the evolution of QPO frequencies to distinguish black holes from naked singularities. In particular, for a given value of PFDM parameter α and a/M, if the accretion disc approaches the r ISCO , we see that Ω nod always increases reaching its maximum value. Interestingly, in the case of naked singularities, if the accretion disc approaches the r ISCO , we find that Ω nod firstly increases, then reaches its peak, and finally decreases. In fact, contrary to the black holes, in the case of naked singularity Ω nod can be zero, as can be seen from  FIG. (9) . Finally, we anticipate that future experiments could produce constraints for the PFDM parameter α. For example, recently Bhattacharyya has proposed a model of fast radio bursts from neutron stars plunging into black hole that implies the existence of event horizon, LT effects and the emission of gravitational waves from a black hole [39] . In this context, it would certainly be interesting to explore the possible impact of the PFDM parameter α on the gravitational wave signatures.
